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Loop homological invariants 
associated to real projective spaces 
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Abstract. Let A be a based subspace of V. Under the assump¬ 
tions that V is path-connected and that the reduced diagonal map 
of A induces the zero map in all mod 2 reduced homology groups, 
we compute a formula for the mod 2 reduced Poincare series of the 
loop space fl((A A RP°°) Uaarpi {Y A RP^)). Here RP°° and RP^ 
denote the infinite real projective space and the real projective line 
respectively. 
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1. Introduction 

A general problem in algebraic topology is to compute the homology 
of a loop space. More precisely, for coefficients in a held K and given a 
pointed space X, one can ask to determine the homology H^{QX] K) 
as a Hopf algebra. Here the multiplication of HfiVlX] K) is induced by 
multiplication of loops /i : VLX x HX —)• HX, while the comultiplication 
of HfiVlX] K) is induced by the diagonal map Aqx : f^X —>■ HX x VtX. 
In the case where X = TY is the suspension of a path-connected space 
Y, this was determined by Bott-Samelson |BS54j . They proved that 
HfiVtTY^K) is isomorphic as a Hopf algebra to the tensor algebra 
T{H^{Y ; K)) of the reduced homology of X, with the comultiplication 
of the tensor algebra determined on generators by the comultiplication 
oiHfiY-K). 

In the case where K is of characteristic zero, say K is the held Q of 
rational numbers, Milnor-Moore proved that is isomorphic 
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as a Hopf algebra to the universal enveloping algebra U{tt^{VLX) ® Q) 
where the Lie bracket on 7r*(f2X) (8)Q is given by the Samelson product 
|MM65j . However, the structure of Hopf algebras is less understood 
when K is of characteristic a prime p (although see |Hnb81[ IHnb82] L 
In this article, we will be interested in the case where p = 2. 

When unable to determine the homology H^{QX] K) as a Hopf al¬ 
gebra, one can forget the multiplication and comultiplication, asking 
only to compute the reduced Poincare series of fIX. Recall that, for W 
a pointed space each of whose homology groups Hq{W;K) are hnite- 
dimensional X-vector spaces, its gth reduced Betti number bg{W; K) is 
the dimension of the X-vector space Hq(W ; X) and its reduced Poincare 
series is the ordinary generating function of its reduced Betti numbers, 
namely the formal power series P(kP; X) := X]g>o x'^bqiW] X). For ex¬ 
ample, the Bott-Samelson theorem described above implies that, if Y 
is a path-connected space each of whose homology groups Hq(Y;K) 
are hnite-dimensional, then 


( 1 ) 


P(fISX;X) = 


P(F;X) 


1-P(X;X) 

For X of arbitrary characteristic, a standard strategy to compute 
the loop space homology H^{QX] K) is to consider the Serre spectral 
sequence |Ser51j and the Eilenberg-Moore spectral sequence |EM66j 
associated to the path-loop hbration klX —)■ PX —)■ X. 

Another strategy is to construct a topological monoid whose under¬ 
lying space is fIX. Again considering the example where X = 'EY is 
the suspension of a path-connected space Y, James proved that the 
reduced free topological monoid J[Y] has homotopy type flEX and 
used the associated word hltration to prove the suspension splitting 
SklEF ~ |Jam55j . This gives another proof of ([I]). The 

idea behind this strategy is to exploit the strictly associative multipli¬ 
cation of the constructed topological monoid. This strict associativity 
is easier to exploit that the homotopy coherent associativity of the mul¬ 
tiplication of loops fi : fix X fix —)■ fl which gives fIX its Aoo-space 
structure |Sta63] . 

In addition, one can apply techniques from simplicial homotopy the¬ 
ory. For X a reduced simplicial set, Kan constructed a free simplicial 
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group GX whose underlying space is VtX |Kan58j . Taking K to be 
the held F 2 of two elements, Bousheld-Curtis used Kan’s construction 
to develop a spectral sequence which converges H^{flX;¥ 2 ) when X is 
simply connected [BCTO] . A consequence of their work is the following 
result (see proposition 14. II below!: If X is a simply-connected pointed 
space whose reduced diagonal map Ax : X —)■ X A X induces the zero 
map in all mod 2 reduced homology groups, then 


( 2 ) 


P{nx-¥2) 


P{x-¥2) 

x-P{X-¥2) 


Here the reduced diagonal map Ax is the composite X X x X ^ 
X A X of the diagonal map followed by the standard projection to 
the self-smash product. In particular, (|2]) holds when X is a simply- 
connected co-H-space. This is a generalization of ([T]) in the case where 
X = F2. 

In this article, we compute the mod 2 reduced Poincare series for a 
certain loop space which is the underlying space of a simplicial group 
construction of Carlsson. This culminates work beginning from Carls- 
son |Car84] and followed by the hrst and third authors |Wu97( IGaol2 
IGW13j . Let MP^ denote the real projective line, regarded as a sub¬ 
space of the inhnite real projective space MP°°. In terms of the stan¬ 
dard CW complex structure on MP°°, the subspace MP^ is the bottom 
cell. Note that both these real projective spaces are Eilenberg-MacLane 
spaces, namely MP^ = X(Z, 1) and RP°° = X(Z/2,1). In particular, 
MPi ~ S\ 


Theorem 1.1. Let A ^ Y be a based inclusion of pointed spaces, both 
of whose mod 2 homology groups are finite-dimensional. IfY is path- 
connected and the map (A^)* : iL*(A;F 2 ) —)■ iL*(A A A;F 2 ) in mod 2 
reduced homology induced by the reduced diagonal map of A is the zero 
map, then 


(3) P(G((AAMP“)Ua^kpi (KAMPi);F2)) 

^ {I - x)P{Y-¥2) + xP{A-¥2) 

1 — X — (1 — x)P{Y ; F 2 ) — xP{A; F 2 ) 
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For G a discrete group and X a pointed G-space, Carlsson con¬ 
structed a simplicial group of the homotopy type of r2C'(X), 

where C{X) is the homotopy cohber of composite X ^ X Xq EG -» 
X XqEG, where X XqEG (resp. X XqEG) is the Borel construction 
(resp. reduced Borel construction) [Car84j . The first and third authors 
named C{X) the 1-stunted reduced Borel construction of X |GW13] . 
In the case where G = G 2 is the cyclic group of order two, they used 
Carlsson’s construction to obtain a homology decomposition (see o 
below). The space {A A RP°°) U^arpi A MP^) in ([3]), which is the 
union of the smash products Y AMP^ and A AMP°° identihed over their 
common subspace AAMP^, is the 1-stunted reduced Borel construction 
of the pointed G 2 -space Y UaY with the G 2 -action associated to the 
based involution switching the two copies of Y (see lemma [3T] below). 

Theorem 11.11 generalizes (ITl) in the case where K = F 2 by taking A to 
be the basepoint of Y (see example 14.31 below). Further examples are 
given in section 01 We highlight example 14.61 which has some relation to 
combinatorics. Taking A = and F = in Theorem ll.il gives a loop 
space whose mod 2 reduced Betti numbers form essentially sequence 
A052547 in the On-Line Encyclopedia of Integer Sequences [Slollj . 
This sequence has a geometric interpretation in terms of diagonals 
lengths in the regular heotagon with unit side length jSte97l ILan m- 
These diagonal lengths are related to the Chebyshev polynomials used 
in approximation theory. 

This article is organized as follows. In section [2], we cover background 
material taken mainly from [GW13j . In section [31 we prove theorem 
o In section 01 we give some examples of theorem 11.11 and present a 
corollary related to the above-mentioned spectral sequence of Bousfield- 
Curtis. 


2. Background material 


In this section, we cover background material taken mainly from 
|GW13j . The results will be stated without proof, but the relevant ref¬ 
erence will be indicated. Throughout the rest of this article, homology 
will always be taken modulo 2. As such, we omit the base held F 2 from 
the notation. 
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First we introduce the 1-stunted reduced Borel construction asso¬ 
ciated to a pointed G-space, where G is a discrete group. A (right) 
G-space is a space X equipped with a map /i : X x G —)■ X such 
that, for a; G X and g,h E G, we have the identities 1) = a; and 
/i(/i(a;, g),h) = /j,(x, gh). Typically, we write x ■ g or just xg instead of 
fi{x,g). For X a G-space, let X*^ denote its G-invariant subspace and 
let X/G denote its orbit space. 

The terminal G-space is the one-point space, denoted by pt, equipped 
with the trivial G-action. Hence, a pointed G-space is a G-space X 
equipped with a G-equivariant map from pt to X. Equivalently, a 
pointed G-space is a G-space equipped with a basepoint invariant under 
the G-action. For example, for Z a pointed space, the quotient space 

(4) Z X G := {Z X G)/(pt X G), 


equipped with the action induced by the free G-action on Z x G, is a 
pointed G-space. 

Let EG denote the contractible G-space with a free G-action. The 
Borel construction of a G-space X, denoted by X x^ EG, is the orbit 
space of the diagonal G-action on the product X x EG. The 1-stunted 
Borel construction of a G-space X, denoted by X x^ E^^G, is the 
homotopy cohber of the inclusion of a hber X ^ X Xq EG into its 
Borel construction. The reduced Borel construction of a pointed G- 
space X, denoted by X x^ EG, is the homotopy cohber of the map 
pt Xg eg -E X Xq eg induced by the inclusion pt X. Let i : 
X Xg eg —)■ X Xg EG be the natural map. The 1-stunted reduced 
Borel construction of a pointed G-space X denoted by XxgE^G, is the 
homotopy cohber of the composite map X ^ X Xq EG X Xq EG. 

These variants of the Borel construction are related by the following 
3x3 homotopy commutative diagram. 


pt —> pt Xg eg —> pt Xg E^G 


V 


' 


X- 

-^X X( 

^^EG- 

->X Xg 

V 

\ 

' 


X- 

-^X XgEG- 

-> X Xg 
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By definition, all three rows and the middle column are cohber se¬ 
quences. Since the hrst column is obviously a cohber sequence, we 
conclude that the third column is a cohber sequence. In other words, 
the 1-stunted reduced Borel construction X xi^ is also the homo- 
topy cohber of the map pt x^- E^^G X Xq E]^G between 1-stunted 
Borel constructions induced by the inclusion pt ^ X. 

Let us consider two examples of the 1-stunted reduced Borel con¬ 
struction, which we leave to the reader to verify. If G acts trivially on 
a pointed space X, then 

(5) X ^X AEG 

Here BG = K{G, 1) is the classifying space of the discrete group G. 
For another example, consider the pointed G-space Z x G described in 
(P|) above. Then there is a homotopy equivalence natural in Z: 

(6) {Z X G) Xg El^G ~ Z A EG 

Now consider the case where G = G 2 , the cyclic group of order 
two. In this case, a pointed G 2 -space can be described equivalently 
as a pointed space equipped with a based involution. To see this, 
let t be the generator of G 2 . Given a pointed G 2 -space X, the map 
(a; I—)■ xf) : X —)■ X is a based involution of X. Conversely, given 
j : X —)■ X is a based involution of X (so that j o j = idx), then X 
is a pointed G 2 -space with the action X x G 2 —>■ X given by a: • 1 = a: 
and X ■ t = j{x). 

Let X be a G-space. The orbit projection is the projection X —)■ X/G 
which sends each a; G X to its orbit xG. For f : Y —)■ Z a map, a section 
of / is a map g : Z ^ Y such that the composite Z Y A Z is the 
identity map of Z. The following homology decomposition is theorem 
1.1 of |GW13j (recall that homology is taken modulo 2): For X be a 
pointed G 2 -space, if the orbit projection has a section, then there is an 
isomorphism of F 2 -algebras: 

(7) H.(n(X Xc, ElCi)) = 0 A ((X/C2)*7A.) , 

S>1 

where, for s > 1, 

:= {a:iG 2 A- • ■AXsG 2 G (X/G 2 )^''| 3i = 1,.. s-1 {xi = Xi+i G X'^^)} 
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The sufficient condition for ([7]) to hold is that X is a pointed C 2 - 
space whose orbit projection has a section. Proposition 4.1 of |GW13] 
characterizes G 2 -spaces whose orbit projection has a section: Let X be 
a G 2 -space. The orbit projection X —)■ X/C 2 has a section if and only 
if, there exist spaces A and V where ^4 is a subspace of V, such that 

(8) X = F Ua X 


with the C' 2 -action corresponding to the involution which switches the 
two copies of V. For the C' 2 -space V UaF, its orbit space is isomorphic 
to V and its G 2 -invariant subspace is A. There are exactly two sections 
of the orbit projection. One section maps the orbit space to the left 
copy of V, while the other section maps the orbit space to right copy 
of F. 

In the case of a pointed C' 2 -space X, its basepoint is invariant under 
the action, hence its orbit projection X —)■ X/C '2 has a section if and 
only if ([8]) holds where A is a based subspace of F. 

Next, we need a combinatorial formula for the Betti numbers of 
the spaces A,,. This will require some notation. In this article, by 
a multiindex, we mean a (possibly empty) hnite sequence of posi¬ 
tive integers. For example, (2,5,4) is a multiindex. For a multiin¬ 
dex a = (tti,..., ttrf), its dimension, denoted by dima, is just the 
nonnegative integer d, while its length |q:| is the sum ai -|- • • • -1- 
For W a pointed space whose mod 2 homology groups are hnite- 
dimensional, its ath (mod 2) reduced Betti number ba(W) is the prod¬ 
uct bai(W)ba 2 (W) ■ ■ -ba^iW). In particular, b^iW) = 1 where 0 is the 
empty sequence. 

For a sentence r, its Iverson bracket is 


( 9 ) 


T — 


1 if r is true 
0 if r is false 

For n and k integers, the binomial coefficient is given by 


( 10 ) 


) := > 0 ] 


n{n — 1) ■ ■ ■ (’^ ~ ^ + 1) 
k\ 


In particular, when k = t), the product in the numerator is empty, so 
that (q) =1. 
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Using this notation, we can state theorem 1.2 from |GW13j : Let 
s > 1. If the map (A^cj)* : —)■ A X^'^) induced by 

the reduced diagonal map of X^'^ is the zero map, then 

(11) h,(A.)= Y. ASa(A7C2)6„(.Y^=) 

|A|H-|/i|=q'—s+dim A+dim /i.+l 
2<dim A+dim /i+l<s 

where 

dim A + dim fi\ /s — dim A — dim p — 1 
dim p J \ dim p — 1 

Here A and /i in the sum in fllll) are multiindexes. 

Finally, iterating corollary 5.7 of |GW13] yields the following lemma. 

Lemma 2.1. Let s > 1. If the map —)■ A 

X'^^) induced by the reduced diagonal map of X^^ is the zero map, 
then the map i7*(As) —t 77*((A/G2)^®) induced by the inclusion A^ M- 
(A/G 2 )^® is also the zero map. 



3. Proof of theorem 11.11 
In this section, we prove theorem 11.11 

First, we compute the homotopy type of the 1-stunted reduced Borel 
construction of pointed G 2 -spaces whose orbit projection has a section. 
Recall from the remarks after ([H]) that a pointed G 2 -space whose orbit 
projection has a section has the form Y Ua Y where A is a based 
subspace of Y. 


Lemma 3.1. For A ^ Y a based inclusion of pointed spaces, 
{Y Ua Y) Xc, EIC2 ~ (A a MP“) Uaarpi A MP') 


Proof. The following is a pushout square of pointed G 2 -spaces: 


AxG2P^^A 


n 


V 


y 


y X ^2-> YUaY 

Since the Borel construction commutes with equivariant homotopy 
colimits and the homotopy cohber commutes with homotopy colimits, 
the 1-stunted reduced Borel construction commutes with homotopy 
colimits of pointed G 2 -spaces. 
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Thus, taking the 1-stunted reduced Borel construction and using 
equations (j5]) and ([6]), we have a homotopy pushout square 

A A EC's -> A A BC 2 

1 

\/ V 

y A SC '2 - > (r Ua F) Xc. 

where the map j : T 1 C 2 —t BC 2 can be identihed, up to homotopy, with 
the inclusion MP^ RP°°. □ 

Recall from the remarks after ([8]) that, for the pointed C' 2 -space 
Y U/i y, its orbit projection has a section, its orbit space is Y and 
its C' 2 -invariant subspace is A. Hence, lemma 13.11 together with the 
homology decomposition ([7]) gives 

(12) P{n{A^MF^)UA^m^ (F A MP')) = a:" 6,(F^7A,), 

<?>0 s>l 

where we identify with the following subspace of F^^: 

{xi A ■ ■ ■ A Xs & F^^l = 1,..., s — 1 (xj = Xj+i G A]. 

To prove theorem ll.il we will require an ordinary generating function 
of the binomial coefficients (see |Wil94j p.l20 equation (4.3.1)). Let k 
be a nonnegative integer. Then 



More generally, given an integer m satisfying 0 < m < fc, we also have 

n>m ^ ^ ^ ' 

This is because the dehnition ffTOD of the binomial coefficients implies 
that (fc) = (fc) = • • • = C~k^) = 0- Note that, by a change of variables, 
flT3|l hold yet more generally when the indeterminate x is replaced by 
a formal power series whose constant term is zero. 

Proof of theorem \1.1[ Let A F be a based inclusion of pointed 
spaces, both of whose mod 2 homology groups are hnite-dimensional. 
Suppose that F is path-connected and that the map (A^)* : H^A) -A 
H^A A A) in reduced homology induced by the reduced diagonal map 
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of A is the zero map. Hence, by lemma I^TTl for each s > 1, the map 
H^{As) —>■ induced by the inclusion is also the zero 

map. This implies that the long exact sequence in homology associated 
to the cohber sequence ^ Y^^/Ag splits into short exact 

sequences 0 —)■ HqiY^’^) —)■ Hq{Y^^/Ag) —)■ Hq_i{Ag) —>■ 0 . As we are 
taking homology with coefficients in a field F 2 , these exact sequences 
split. Hence bq(Y^^/Ag) = bq{Y'^^) + bg_i{Ag). Thus flT^ becomes 

P{n{A A MP°°) U^ARpi {Y A MP^)) 

(14) = + 

q>0 s>l q>0 s>l 

Here the first sum in ffTT|l is just 


(15) 




g>0 


s>l 


s>l 


=z p('‘'y 

S>1 

P(Y) 

1-P(Y)' 


Notice that the geometric series formula is applicable in the last line 
above. This is because Y is path-connected so that the constant term 
of the formal power series P{Y), namely bo{Y), equals zero. 

We are left to compute the sum 


(16) 5-5^x«5^Vi(A,) 

<?>0 S >1 

Replacing g by g -|- 1 and noting that 6 _i(A 5 ) = 0, this becomes 

■5 = E E '^A.) = E E *•( A) 

<?>-! s>i q>o s>l 

Since (A^)„ : H^{A) —)■ H^{AaA) is the zero map, we may use (ITT]) to 
obtain (noting that (Y E)/C 2 = h" and (Y = A) 

■s = E^’*‘E E 4':A(y)L(A 

g>0 s>l |A| + |/i|=g—s+dimA+dim/^+l 

2<dim A+dim 

9^0 |A|H-|//|=g'—s+dimA+dim/i+l s>l 

2<dim A+dim 
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where 

(17) 


(s) /dim A + dim /s — dim A — dim /i — 1 




\ dim /i / \ dim fi — 1 


Solving the equation |A| + |/i| = g —s + dim A + dim/i + 1 for the variable 
s and using flTTI) . this becomes 


5 = 0 ) 5 ^ 




E 


h(Y)bJA)c 


(g+dim A+dim /x+l —|A| —1/^|) 


g>0 2<dim A+dim/i.+l 

dim A+dim /iH-l<g'+dim A+dim /^+1—|A| —|/i| 


= xJ2x- E *a(V)V(71) 

l<dim A+dim/i. 
l>A|+|M|<g 


dim A + dim /i\ /g — |A| — |/i 
dim jji J \ dim /x — 1 


Let denote the set of multiindexes. In terms of the Iverson 
bracket notation ([9]), 

5 = x5^[g>0]x^ ^ ^ [1 < dim A + dim /x] [|A| + |/i| < g] 

qez agn<“ 

. "A 

\ dim /i / \ dim /x — 1 


= E A(71) E bx (E) [1 < dim A + dim /x] 

AgN<“ 

'q- |A| - |/i| 

dim /X — 1 


dim A + dim /xA 
dim /X / 


Xlb > 0][l^l + Ihl < 


We compute the innermost sum. The empty multiindex 0 has di¬ 
mension 0. Hence, for multiindexes /x and A, 

= !/< 0] Eb > OlllAI + 1^1 < ') 

=i.#0]E[iAi+w<#»(^-;"i:'f|) 

= [/X 7 ^ ^ x”[0 < n] r ^ (let rx = g — |A| — |/x|) 

nez \ im/x / 

^|A| + |/i|+dim/i—1 
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where the last equality follows from the ordinary generating function 
(1T3|1 . Hence 


5 : h,{A) y: bx{Y)[l < dim A + dim/x] 

AeN<“ 


dim A + dim /xA 
dim jji J 


• [/i 7^ 0 ] 


^|A| + |/i|+dim/i—1 

(1 - 


T, A(^) E 

^eN<" AeN<“ 


dimA + dimuA. i 

[h r 0 J- 


dim /i / 


dim /i 


AtGN<‘^ ^ ^ AgN<“ 


(1 -x) 
dim A + dim /xA |_)^| 

dim /X / 


Turning to the next sum, we have 

/dim A + dim /xA |_;^| 

\ dim /X y 

d&Z ^ ^ / i=l Ai>0 

dez ^ A- / 

= ^[e > dim/x] ^ ^P(y)'^ (let e = d + dim/x) 

1 

(1 - _P(E))dimAi+l 


E 


where the last equality follows from the ordinary generating function 
ffTdjl and noting that the formal power series P{Y) has constant term 


zero. 
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Hence, 


5= V LM)[/i^0]----.- 

(1 _ P(y))dim;.+1 


X 


|/i|H-dim /i 


V LM)[/i^0]- 

J(l-x)dim.(l_p(y))dim,+l 


E 


X 






X 


d>l 

y 

(1 - xni - PiY)r+^ 
xP{A) 


P{Y) 


>0 

d 


(1 - P{Y)) ((1 - a:)(l - P{Y)) - xP{A) 


where the last equality follows from the geometric series formula and 
the observation that the power series P{Y) has constant term zero. 
Therefore, combining this with equations ffTTl) . ffT5|l and ffTHjl . we obtain 
the required 


P{n{A^ MP°°) U^^Rpi {Y A MPI)) 

P{Y) ^ _ xP{A) _ 

1 - P{Y) (1 - P{Y)) (^1 - a: - (1 - x)P{Y) - xP(A)^ 

(1 - x)P(Y) + xP(A) 

1 — X — (1 — x)P(Y) — xP(A) 

□ 


4. Examples 

In this section, we give some examples of theorem 11.11 and explain 
the relation to a spectral sequence studied by Bousheld-Curtis. 

The following is theorem 10.2 of [BCTOj . Recall our convention that 
homology is taken modulo 2. Let X be a reduced simplicial set. Let 
GX be the simplicial group which is Kan’s construction |Kan58j . whose 
underlying space is flX. Filter the group ring F 2 (GX) by powers of 
the augmentation ideal 

• ■ ■ C cr C---CP CP = F2(GX) 
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The associated spectral sequence {E^,d'^ : has the 

following properties: 

(a) For r > 1, the E'^ term is a differential graded Hopf algebra. 

(b) The E^ term is given by E^^ = 7it{E As algebras, the E^ 

term is isomorphic to the tensor algebra T{s~^H^{X)). Here, for 
a graded vector space 14 , its desuspension is the graded 

vector space given by {s~^V)n = 14+i for all n > 0. The differential 
d^ on El^ is given by the comultiplication of 

(c) If X is simply-connected, then the spectral sequence {E^,d'^} con¬ 
verges to H^{GX). Thus E°° is the graded Hopf algebra associated 
with a decreasing filtration of H^{GX) = H^,{QX). 

For 14 a graded vector space, let x(14) ;= denote its 

Euler-Poincare series. We compute the Euler-Poincare series of the E^ 
and E^ terms. Note that 


x{T{s-^H^{X))) 
Hence, by (b). 


1 


1 X 

l-x-^P{X) ~ X - P{X) 


(18) 


x(fi') = 


X 


X - P{X) 

Furthermore, if X is simply-connected, then by (c). 


(19) x{En = xiHpnx)) = xiHpnx)) +1 = p{nx) +1 


We give a criterion for the spectral sequence {E^,d^} to collapse at 
the E^ term. 


Proposition 4.1. Let X be a pointed spaee whose mod 2 homology 
groups are finite-dimensional. Suppose that X is simply-eonneeted and 
the map (A^)* : HfX) —)■ HfX AX) indueed by the redueed diagonal 
of X is the zero map. Then the spectral seguenee {E'',d^} collapses at 
the E^ term and 


( 20 ) 


P{nx) 


PjX) 

X - P{X) 


Proof. The comultiplication on HfX) is induced by the reduced di¬ 
agonal map Ax : A —)■ A A A. Hence, by (b) above, if (Ax)* : 
HfX) -A HfX A A) is the zero map, then d} = 0, so that E^ = E°°. 
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Furthermore, if X is simply-connected, then using fll8l) and 0191) and 
comparing Euler-Poincare series, we have 

— I — = P(nx) +1 

x - P{X) 

Equation fl20|) follows by subtracting 1 from both sides. □ 


As noted in the introduction, this proposition holds when X is a 
simply-connected co-H-space. This gives yet another proof of ([T]) when 
K = F 2 . In more detail, let a path-connected pointed space Y be given. 
Then EE is a simply-connected co-H-space, so by proposition 14.11 


F(flEX) = 


P(Ey) 


x-P{^Y) 

_ xP{Y) 

X — xP{Y) 

P(Y) 

1 - P(Y) 

Theorem 1 1.1 1 has the following consequence which relates to this spec¬ 
tral sequence {E’^^P} studied by Bousheld-Curtis. 


Corollary 4.2. Let A ^ Y he a based inclusion of pointed spaces, 
both of whose mod 2 homology groups are finite-dimensional. Suppose 
that this inclusion induces a monomorphism HfA) ^ H*{Y) in re¬ 
duced homology. Suppose further that Y is path-connected and the map 
(Ayi)* : HfA) —)■ HfA/\ A) induced by the reduced diagonal map of 
A is the zero map. Then the spectral sequence {E^, d^} collapses at the 
E^ term. 


Proof. As we are taking homology with coefficients in F 2 , the inclu¬ 
sion MP^ ^ RP°° induces a mono morphism .H*(RP^) ^ iJ*(RP°°) in 
reduced homology. Since the inclusion A ^ Y induces a monomor¬ 
phism HfA) ^ H*(Y) in reduced homology, the induced maps f : 
H*(AARP^) HfY ARP^) and i/j : .H*(AARP^) —)■ .H*(AARP°°) are 
also monomorphisms. This implies that the Mayer-Vietoris long exact 
sequence associated to the union X := (A A RP°°) U^arpi {Y A RP^) 
splits into short exact sequences 
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Since we are taking coefficients in a field F 2 , these short exact sequences 
split. Hence 

P{X) = P{Y A MP^) + P{A A MP“) - P{A A MP^) 

= xP(Y) + P(H) - xP(A) 

1 — X 
2 

= xP{Y) + -^P{A) 

1 — X 

Substituting this into flTSl) gives 

xm = — 

X — 


1 — X — (1 — x)P{Y) — xP{A) 

Since Y is path-connected, the smash product Y A MP^ is simply- 
connected. Since (A^)* : H^{A) —)■ H^{A A A) is the zero map, A is 
path-connected so that A A RP°° is simply-connected. Hence the van- 
Kampen theorem implies that X is simply-connected. Thus we may 
use (IT^ together with theorem 11.11 to obtain 

x(P“) = P{nx) + 1 

_ {I - x)P{Y) + xP{A) ^ 

1 — X — (1 — x)P{Y) — xP{A) 

1 — X 

1 — X — (1 — x)P{Y) — xP{A) 

Thus Hence in fact = E°°, that is to say, the 

spectral sequence {E'^,E} collapses at the E^ term. □ 

We now bring three extremal special cases of theorem 11.11 to the 
attention of the reader. 


X 

(xP(Y) + ^P{A)) 
1 — X 


Example 4.3. Let H be a path-connected pointed space. 
Taking H = pt in theorem 11.11 we have 


F(HEH) 


P(Y) 

1 - P(y) 


This gives yet another proof of ([T]) in the case where K = ¥ 2 . Further¬ 
more, corollary 14.21 implies that the spectral sequence {E^, E} collapses 
at the E^ term, which agrees with proposition 14.11 
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Example 4.4. Let A be a pointed space such that the map (A^)* : 
H^{A) —>■ H^{A A A) induced by its reduced diagonal map is zero. In 
particular, A is path-connected. 

Hence, taking A = Y m theorem II.11 we have 

PiVtiA A MP°°)) =-- 

^ ^ ” l-x-P{A) 

Furthermore, corollary 14.21 implies that the spectral sequence 
collapses at the term. This agrees with proposition 14.11 Indeed, 
since A is path-connected, A A MP°° is simply-connected. Also, since 
(A^)* : H^{A) -A HPA A A) is the zero map, (A^/\Rpcx>)* ; H^A A 
MP°°) —)■ HP{A A RP°°) A (A A RP°°)) is zero. Thus the conditions in 
proposition 14.11 hold. 


Example 4.5. Let A be a pointed space such that the map (A^i)* : 
/L*(A) —)■ iL*(A A A) induced by its reduced diagonal map is zero. 

Hence, taking Y = CA to be the cone of A in theorem 1 1.1 1 and noting 
that CA is contractible, we have 


F(fl(A A (RP°°/RP^))) 


xP{A) 

1 — X — xP{A) 


In this case, corollary 14.21 does not apply. However, we know from 
proposition 14.II and an argument similar to example 14.41 that the spec¬ 
tral sequence {E^,(r} does collapse at the E^ term. 


We end this article by giving an example of theorem 11.11 not covered 
by the above examples. In the process, we prove a conjecture of the 
hrst and third authors (see conjecture 6.1 in |GW13j ). 


Example 4.6. Let X be the pointed C' 2 -space which is the union of two 
2 -spheres with the antipodal involution under which their equatorial 
circles are identihed. As noted in |GW13j . this pointed G 2 -space X is 
equivariantly homotopic to the pointed G 2 -space S'^ U 51 with the 
action associated to the based involution of switching the two copies of 
Hence, by lemma [SA] and taking A = and H in theorem 
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[m 


( 21 ) 


P{n{X Xc, Elcp) = 


(1 — x){x^) + x{x) 

1 — a: — (1 — x)(x^) — x{x) 

- 1 . 


x'^ — 2x‘^ — X + 1 

which proves conjecture 6.1 in |GW13] . Since the induced map H^S^) —)■ 
is not a monomorphism, corollary 14.21 does not apply. 

From the generating function 0211 ) . the mod 2 reduced Betti numbers 
of Xcj EI^C 2 ) form the sequence 


{0, 2,1, 5, 5,14,19,42, 66,131, 221,417,...} 


As mentioned in the introduction, this is essentially sequence A052547 
in the On-Line Encyclopedia of Integer Sequences |Sloll] . This se¬ 
quence is related to the Chebyshev polynomials used in approximation 
theory. 


This example suggests that the mod 2 reduced Betti numbers of 
the loop space studied in theorem 11.11 may provide a geometric in¬ 
terpretation for certain combinatorial sequences. This application to 
combinatorics may be of interest to pursue further. 
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